The condition under which a matrix with Onsager-Casimir symmetry describing the coupling between m variables that are even (odd) under time reversal and 1 variable that is odd (even) has a pair of complex eigenvalues are analyzed, both graphically as well as algebraically.
I-INTRODUCTION
The problem of the maximum number of complex eißenvalues of matrices with Onsager-Casimir symmetry has been studied by Lekkerkerker and Laidlaw, 1 ' 2 McLennan, 3 and Grmela and Iscoe. 4 Using the Onsager-Casimir symmetry relations it has been shown that the maximum number of complex roots of a hydrodynamic matrix describing the coupling between n variables that are even under time reversal a nd m variables that are odd is In or 2m, whichever is smaller -In addition Lekkerkerker and Van Oost' have shown that in the dissipation-free limit there are 2n or 2m (whichever is smaller ) purely imaginary roots and | n -m\ roots that are zero.
Further in the purely dissipative limit the hydrodynam-!c matrix is Hermitian and has only real roots. Knowing the limit situations (dissipation-free limit and purely dissipative limit) there remains the problem to determine the threshold c onditions at which a pair of complex roots changes into real roots. In this paper we treat this problem for the simplest c ase, i.e., that of m even (odd) variables coupled to 1 odd (even) variable. In Sec. II we present a graphical analysis of this problem and in Sec. Ill we give an algebraic treatment.
H. GRAPHICAL ANALYSIS
The analysis presented in this section is closely related to the graphical determination of the changes of the eigenvalues caused by adding a single state to the Hamiltonian matrix in quantum mechanics. 6 It can be shown 1 that the hydrodynamic matrix describing the coupling of m variables that are even ( odd ) under time reversal and 1 variable that is odd (even) without loss of generality can be written in the form
where a" a 2 -a m and c are real and if we assume the system to be stable they are in addition positive. The eigenvalue equation
Mv=av
can be written as
Substituting the values of V j that follow from (3) in (4) gives the equation 
y -^I-=(C-À)
ft *-aj which is equivalent to the characteristic equation |AI-M|=0.
In Fig. 1 the heavy curves represent the function 
III. ALGEBRAIC ANALYSIS
In addition to a graphical analysis of the problem it is worthwhile to have an algebraic method at one's disposal to determine the values of the parameters for which the matrix M given by ( 1 ) has two complex eigenvalues. Using Gersgorin's theorem 7 it is possible to write down sufficient (but not necessary) conditions for which M has no complex eigenvalues. From the graphical analysis presented in the previous section it follows that the union of the m 
This condition is illustrated in Fig. 2 for the same example as was treated in Sec. II. Since the characteristic polynomial of M is real and has at most two complex roots it appears logical to try to establish an extension of the relation A -A '?-4A ' 2 <0 which indicates that the real second degree polynomial p 2 (A ) = + A\A +A' 2 has complex eigenvalues. Indeed it is possible to obtain such a generalization using determinant sequences.' Consider the «th degree polynomial . dp"(4) (7) where p "(A ) is the characteristic polynomial of M. Let the coefficients off(A ) be written in the form A k =A ' k +iA " k where A ' k and A " k are real. Let A(n,k) (k = 1,-,«) denote the maxtrix formed from the first (2k -1) elements in the first (2k -1) rows of the matrix.
Urther let A(n,k) denote the determinant of the matrix ( n >k ). It is possible to prove the following theorem. We hope that the simple examples treated here sufficiently demonstrate the usefulness of theorem I. An extension of theorem I to deal with the general case of« variables that are even under time reversal coupled to m variables that are odd would be desirable but so far we have not been able to find such an extension. 
APPENDIX

Let the real polynomial
where the roots are ordered such that the first y roots have multiplicity higher than one.
Proof: Consider the real functions y and K of the integer i j fory> 1
where A ', n =0 for ƒ" > « and A ' 0 = 1.
After some algebra we find that
Further one can show that for any /t>0
From the last two relations it is clear that
If p "(A ) has n -s different roots, we use relation ( A.2) and (A.3) to construct a linear combination of the columns of the matrices A(«,«),-, A(«,«-s+ 1), which is zero.
Lemma 2: Let a , be a root of p n (A) with multiplicity m , and let A (n -g,n -g) denote the determinant associated with the polynomial then
A(n,n-g+\)
Proo/: Let S and T be 2(n -g+1) -1 dimensional upper triangular square matrices
andT=(t hik ) with t htk =0ifh>k.
For h <k and (A6)
The matrix S-A(«,« -^+1). T has the form
S.A(n,H-g+l)T=
where 0 is a (2n -Ig-1) X 2 dimensional zeroblock /l= a, g rf te v n (^:
Taking into account that det ( S ) = det ( T ) = 1 it follows that det(S-A(n,n-g+l)T)
W which was to be proved. , where m, is the multiplicity of the root a, of P «(A ), we obtain ( A7) for s=m t -1. Let us now assume that ( A7) is valid for any polynomial with at mosty'-1 degenerate roots This implies that
à (n-mi,n-s-l)=m 2 -m r A (n-s-l,n-s-l),
Where.d (n-m lt n -s-1) is the determinant associated with the polynomial and A (n -l,n -1)^0, which is equivalent to say that/? " (A ) has n different roots. If moreover we assumed that x is real (which is always possible for n>3) it follows from (A7) that A (n,n) and A (n -1 ,« -1) have opposite signs, and since/» " has complex roots iff p "(A )/(A -x) has complex roots, the theorem is proved for /=0.
We now consider the case that Let us first assume that/? " (A ) has (n -/) distinct roots. From Lemma 1 it follows then that A (n,n) = -A («,«-/ + 1)=0. Further the (n-/)th degree polynomial has (n-l) distinct roots and thus statisfies the conditions of the first part of the proof. This means that A(n-l,n-l and sign 4 («-/,«-/)=sign (-1)"~' + 1 iff has complex roots. Using Lemma 4 the above means that has complex roots. Finally we Still have to show that if 2 H.N.W. Lekkerkerker and W.G. Laidlaw, Phys. Rev. A 9, 431 (1974) .
A (n,n) = -A (n,n-l + 1) = 0 and A (n,n-l)=£0 that p "(Ä )
' JA -McLennan, Phys. Rev. 10, 1272 (1974 
has (n-/) distinct roots. Indeed if the number of distinct roots
, H N w Lekkerkerker and E . Van Oost, Physica A 84,628 (1976 We study the topological properties of spontaneously broken gauge theories in the context of fibre bundle theory. In particular, we discuss the conditions under which the topological charges of gauge and Higgs fields are the same.
I-INTRODUCTION
The aim of the present paper is to study topological Properties of spontaneously broken gauge theories, giving an explicit geometrical description in terms of connections and cross sections in a principal and associated fibre bundles.
As it was noted by Popov, ' this approach not only e nables one to "calculate" but renders calculations more transparent.
In Sec. II we study the simple case of an Abelian Higgs theory in c/=2 (Euclidean) dimensions and show how the geometrical interpretation leads naturally to we identification of the topological charges of both gauge fields and Higgs field.
The discussion of the general case is done in Sec. Ü1: for a compact Lie group G, conditions under which a single AT-uple of integers labels the topological charges of gauge and Higgs fields are obtained. These conditions, already obtained by Woo 2 for the case <7 = 4 (Euclidean) dimensions, using rather different techniques, arises in a transparent manner in the context of 'he fibre bundle theory. Several examples are discussed at the end of this section.
"•THE ABELIAN CASE
We will consider in this section the Abelian Higgs an Abelian gauge field A ß coupled to a complex s calar field 0, with dynamics determined by the Ladensity gauge transformations generated by the group G =/y(l); we are interested in the case ß 2 ï O, that is, when the symmetry is spontaneously broken. It was noted by Nielsen and Olesen 3 that this model allows for vortex solutions-static, cylindrically symmetric field configurations of finite energy per unit length. The Nielsen-Olesen solution depends only on two variables. Then, the vortex field can be considered as a pseudoparticle configuration (with finite action) in the Euclidean version of the two-dimensional theory. If the action is to be finite, then, at Euclidean infinity (that is, on the sphere S») These conditions can be interpreted geometrically in terms of the theory of fibre bundles. To this end, we consider Si as the base space of a principal fibre bundle P(Sl,U(D) with structure group U(l). If we call J the associated vector bundle with fibre <E -the group L/(l) acts on the left on (E by usual multiplication -then the scalar field 0 can be considered as a global cross section onj 4 .
Because 0* 0 on Si [from Eq. (2. 3) and condition (2. 6)] 7 is trivial and so is P.
The one form A u dx* defines a connection on P. We can then consider on J the covariant derivative D induced by the connection [its explicit expression is Let y be a given curve in (2.2) (#",£•) e P and . Hence, <t>(x) = (r r 'tf) <M* 0 )/tf-Since 0(x 0 ) * 0,_it follows T r g=Tlg. Now, from (2.7) it is evident that 7> = f y V. That is, the parallel displacement from # 0 to x is independent of the particular choice of y in SL • Hence, if we fix a point .V O F Si, the given connection A u dx* can be identified with a well-defined mapping (2 -9) where / is the identity of £/(!) and y is any curve from x 0 to x in S This integer, the topological charge"«" is related to the quantization of the magnetic flux of the vortex. In terms of the gauge field A ß it is given by the expression that, according to Stokes theorem, can be written as 1 Our derivation of the topological equivalence between Higgs and gauge fields can be understood intuitively as follows: The principal fibre bundle P can be visualized as a torus (A) (see Fig. 1 ). Then the topological charge, associated with the gauge field counts the num-FIG. 1. We represent at the bottom the base space Si of the principal fiber bundle P (torus A). Taking on each fibre C of the vector bundle J? the circles I Z\ =<z 0l we obtain another torus (B).
ber of times that the curve 7 joining the points (x,A(X)> in P winds around the torus. On the other hand, we can take on each fibre <C of the vector bundle J the circle Izl=fl 0 (fl 0 =(/j. 2 /2x) 1/2 ), that is, all the possible values of 0 on S\. We thus obtain another torus (B) and we can take on it the curve ? joining the points (x, <p(x) ). The topological charge associated with the Higgs field corresponds to the number of times the curve ? winds around this torus. Relation (2.10) states the equality between both numbers.
III. HIGHER-DIMENSIONAL CASES
In this section, we consider the general case of a spontaneously broken gauge theory in a Euclidean ddimensiorial space (rf > 2). Let G be a compact Lie group and is a G-invariant function which has a minimum (this minimum is assumed to be equal to zero). As in the Abelian case, finiteness of the action imposes the following conditions on A" :
where r 2 =x\ + . . . +x\. This situation corresponds to the following geometrical description: a flat connection A^dx* [condition (3. 2)] on a principal fibre bundle P(Sf 1 , G) with base manifold Si" 1 and structure group G.
Urn ^0 = Since S^" 1 is simply connected and the connection is flat, then it follows that P is trivial and also that the parallel displacement along a curve y in S*«," 1 frorn #0 to x, induced by the connection is independent of the particular choice of the curve y, (These results folio" from the general theory of flat connections, see, for example, Ref. 4).
As we did in Sec. II, let us fix a point # 0 e Si" 1 . The connection A^dx* determines a well defined mapping where / is the identity of G and (x, 7\,/)e P x is the parallel displacement of (x 0 , 1) e P X(i along any curve in S*«,' 1 from # 0 to x.
Let J be the associated bundle with fibre K, where K is a vector space-tensor space -according to the choice of 0. (The group G acts on the left on K in the usual way).
Let us call D the covariant derivative induced on J by the connection given on P. From Eq. (3. 3) the field (f > can be considered as a global cross section the bundle } with
